In this paper we continue the study of isolated fixed points which are characterized by certain local or global asymptotic properties of the underlying mapping. Our aim is to show that isolated fixed points of this sort are always of zero index if they satisfy a certain geometric boundary condition expressed in terms of a condition on the homology groups of the underlying space. Examples and a new explicit formula for the index of such points will indicate that this geometric boundary condition seems to be the best condition to establish such index characterizations. In a particular case, i.e. if the mapping can be considered as a member of a semi-flow on a nice space X, we will show that the index of a certain isolated fixed point x {) is given by the difference of the Euler characteristics of X and X\{x Q }.
In particular, our main results contain the case when the isolated fixed point is repulsive or ejective and in this sense some of the results can be considered to be extensions of work done in [6] The key for this improvement is simply to use the fixed point theory of a more general class of maps, which includes compact maps, and some basic point set topological constructions.
For concrete applications of the general results we are concerned with, the reader is referred to the fundamental papers of R. D. Nussbaum given by J. Leray [10] and the fixed point index for metric ANR's developed by A. Granas in [8] .
Let £ be a graded vector space over the field of rational numbers, Φ an endomorphism of degree zero and N(Φ) = U n> oker(Φ n ). Then Φ is said to be a Leray endomorphism iff E = E/N(Φ) is of finite type. In that case we define Tr(Φ) = trace (Φ), where Φ: E-> E is the induced endomorphism. The generalized Lefschetz number of Φ is denoted by Λ(Φ) and is given by the formula
Λ(Φ)=Σ(-l)'Tr(Φ,). q
We let H* denote the singular homology functor with rational coefficients and /* is the abbreviation for //*(/), where / is a map. A map /: X-+X is said to be a Lefschetz map iff /*: H*(X)^>H*(X) is a Leray endomorphism and in that case the generalized Lefschetz number of/is given by Λ(/, X) = Λ(/*).
For triples (X, /, U), where X is a metric ANR, U is open in X and /: ί/-» X is^a compact, admissible map (i.e. Fix(/) = {x E U \ f(x) = x) is compact in [/), a fixed point index /(X,/, U) is defined in [8] which satisfies the standard properties including the strong normalization property /(X,/, X) = Λ(/, X).
By °tt(x 0 ) we denote the system of open neighbourhoods of a point JC 0 in a space X.
Most of the results will be given for metric ANR's. The consideration of this class of spaces is of interest because it contains important examples both in topology and analysis; for example, -convex subsets of a linear normed space -open subsets of a linear normed space -finite polyhedra -compact manifolds -Banach manifolds -open subsets of such spaces. The class of maps -always assumed to be continuous -which we want to consider is given in the following definitions.
(0.1) DEFINITION (cf. [7] ). Let X be a topological space, /: X-^X a map, A and K two subsets of X.
(0. One encounters attractors in analysis when one considers the map of translation along trajectories of differential equations or functional differential equations which satisfy various assumptions of stability.
We are indebted to Andrzej Granas for acquainting us with the Lefschetz theory for mappings of compact attraction (cf. [7] ) and the concept of a Lefschetz map for pairs of spaces which turns out to be very useful in §IV.
Typical examples of isolated fixed points that we want to study are the following: (0.2) DEFINITION (cf. [2] and [3] ). Let X be a topological space, JCQEX and /: X\{x o }->X a map.
(0.2.1) We say that JC 0 is a repulsive point of / relative to U E °U (x 0 ) provided for any V E °ίl there is an n 0 E N such that f n (X\V) is defined and
whenever n ^ n 0 .
(0.2.2) We say that x 0 is an ejective point of / relative to U E °lί (JC 0 ) provided for any x E U there is an n x E N such that f n% (JC) is defined and /"-(*) ex\ I/.
In view of applications (cf.
[15] and [16]) we do not assume that / is continuously defined at x 0 . In case / is continuously defined at x 0 and f(x 0 ) = x 0 (0.2) provides the definition of a repulsive (resp. ejective) fixed point of /.
(0.2.3) Let /: X -» X. We say that x 0 is an attractive fixed point of / relative to U E %(JC 0 ) provided for any VE °U{xo) there is an n 0 EN such that 1. Ejective and repulsive points. Our aim in this section is to establish a relation between ejective and repulsive (fixed) points which will allow us to transfer the results about repulsive (fixed) points to ejective (fixed) points. This is of importance because in concrete applications it is, of course, much easier to verify that a point is ejective rather than repulsive. The purpose of the lemma is to pass from a situation which is very convenient for applications via a homotopy leaving the fixed point index invariant to a situation which fits into the framework of the coming characterization results. In some sense properties (1.1.4)-(1.1.6) mean that J C O is almost a repulsive fixed point. In particular using straightforward arguments and 
and observe that A again leaves C invariant and 0 is ejective. Considered as a mapping from C to C A now satisfies (1.1.2).
Proof of (1.1). Let d denote a metric on X. Choose a coordinate neighbourhood U o E % (JC 0 ) such that U o C 17 and l/ 0 is homeomorphic to some Banach space B via a homeomorphism H. Choose WE%(JC 0 ) such that cl W C ί/ 0 and
Set C = cov{H(cl/(X)ΠclM/)U/ 30 }, where Γ is some infinite dimensional compact subset of B. By a theorem of Klee [9] we find a homeomorphism G:
Then Λ is continuous and has the following properties:
iff x£c\W and/(x)E W. Now choose 2 G C, z^ F"'(x,,), and define
Observe that h is well defined since
Moreover, observe that h is continuous, compact and
3) follows from the fact that x 0 is an ejective fixed point of / relative to U and h(x, t) = f(x) for all x E dW C U. The proof of (1.1.4) is obvious because g coincides with / in W.
Proof of (1.1.5). Assume there is x^ x 0 such that g(x) = x 0 . Then two cases might occur:
(a) λ(x) = 0; hence x E cl W -which is impossible, since x 0 is ejective, or g(
, and again we arrive at a contradiction, since F~1(x 0 ) is an extreme point, but z^F-'(xo).
To prove (1.1.6) we need the following:
and again we have a contradiction to the extremality of F~\x 0 ).
Proof of (1.1.6) . Assume that there is
If infinitely many x n were in U\V Q we would have g(x n )->x 0 and from (1.1.10) /(•^π,)-^ *o for a subsequence in C7\ V o , which would be a contradiction to (1.1.2) . Thus, we may assume that (x n )CX\U.
But ( (1.3.1) Let X be a subset of a linear, normed space, JC 0 EX, /: X-^X completely continuous, U E %(xo) and K CX a closed subset such that (1.1.1) and (1.1.2) are satisfied. Assume that cl U Π cl/(X) CK and K is homeomorphic to a closed, convex subset of a linear, normed space such that x 0 corresponds to an extreme point. Then the conclusions of (1.1) are true with almost no change of the proof, except that in this case the homotopy is completely continuous.
( Clearly, C C U C W and one shows easily that clf(U) C U.
The next lemma, again purely point set topological, is motivated by Theorem (3.1) in [17] and will enable us to prove an extension and generalization of this theorem (see §IV). Proof. By Corollary (2.2) we find a stable, compact attractor A for f: X-*X which absorbs points of X. Set B = A Γ\ X\U and observe that B attracts points of X\{x 0 }. 9 where h t (x) = h(x, t). Moreover, W absorbs compact sets in Z with respect to fg. To see this let K be a compact set in Z. Then (g/) n (giC) C Ϋ for some n. Hence, (z,fg,g-\u) ).
i(X 9 f 9 U)=i(Y,f,YΠU).

From ([8], §10) we know that i(YJ,YΠ U) is well defined, since Y is itself an ANR. The existence of such an open set Y is guaranteed by Lemma (2.1). An easy computation shows that this definition is inde-
i(X,h o ,U)=i(X,h u U)
(3.5) NORMALIZATION. Let X be a metric ANR and /: X-+X a map of compact attraction. Then Proof of (3.5) . Choose Y open in X such that (3.1.1>-(3.1.3) are satisfied. Then i(X, /, X) = i(y, /, Y). On the other hand G. Fournier in [7] has shown that the Lefschetz number of /: X-> X is defined and Λ(/, X) = Λ(/, Y) (cf. the proof of (4.8)).
IV. Some new asymptotic fixed point theorems.
To prove our main results we need the following two lemmata which were communicated to us by A. Granas (cf. [1] , [5] and [11] ). The first is a generalization of the well known formula for the relative Euler characteristic. (4.2) LEMMA. Let E be a vector space (over the rational numbers) and T: E -» E weakly -nilpotent (i.e. for all e E E there is an n E N such that T n (e) = 0). Then Tr(T) = 0 (Tr(Γ) denotes the generalized trace in the sense of Leray [10] ).
By the generality of our approach the following lemmata are now almost trivial, though their interpretation (cf. Lemma (2.7)) in the instance of ejective (fixed) points extends and refines the results known for such points (cf. [2] , [3], [6] , [15] , [16] , [17] and [19] ). Note that if / is already a compact map then fx^} is not a compact map. This demonstrates that the class of maps which are of compact attraction, not only leads to more general results but also, and, this seems to be more important, leads to sharper results.
Some concrete applications of (4.4) should be mentioned. Proof of (4.5.1). By Lemma (1.1) and Remark (1.3) we may assume that /(X\{0})CX\{0}. Choose R>0, such that cl W U clf(W)CB R , where B R = {x E X \ \\x || ^ R}. Let p: X-*B R be the radial retraction and define F: X-> X by F(x) = f(p(x)). Then F is a compact map and F(x)^0 for all x^Q and 0 is an ejective fixed point of F relative to W. Observe that X and X\{0} are acyclic, thus
Proof of (4.5.2). The compactness of X implies that / has at most finitely many ejective fixed points. By a result of Klee [9] we may assume that the ejective fixed points of / are extreme points of X. If x 0 is a typical one we obtain i (X, /, x 0 ) = 0 again because X\{x 0 } is convex and by (1.3.1) we may assume that f(X\{x o })CX\{x o }.
Then the conclusion follows from the additivity and normalization properties of the index.
Proof of (4.5.3). Cf. remarks in [17] and [19] .
Proof of (4.5.4). By Lemma (1.1) we may assume that /(X\{jt o })C X\{xo}. Since x 0 is homotopy negligible, we have that , X) = Λ(/*) = Λ((/ |XUx()} )*) = Λ(/ (XUxo} , Another lemma can be stated now which is related to the characterization of ejecίive points (i.e. the map might not be defined in the critical point). [17] and we will suggest a proof without using any type of (mod p) argument. Moreover, this result has a very useful interpretation in cones of Banach spaces (i.e. asymptotic expansion and asymptotic compression of a cone cf. [14]) which will be carried through in another paper. (5.1.2) A point x 0 G X is said to be an ejective stationary point for Φ relative to UE°lί(x 0 ) provided φ t (x 0 )=x 0 for all ί^O; and for all x G U\{x 0 } there is a t such that φ t (x) £ U. which suggests that the four "endpoints" of K have to be stationary points. FIGURE 2 
